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SUMMARY AND INTRODUGTION

The present r1ner* is written as a record of an informal lecture
delivered by the authors at the Office of Naval itesearch in Washington, #.C.,
on Mav 3, 195h. It consists of two distinct parts: the first describes the
application of a theory of rigid bodv motions to a ship moving in a regular
head or followine sea; the second part deals with the problem of the repre-
sentation of' an irrepular storm sea and of the theory of ship motions in

irrecular seas.

The theory of ship mctions in a regular sea, which is presented first,
can be considered as the continuaticn cf the work oriminated by Arilofi in
1894 and represented recently in the most developed form in papers by
Weinblum and St. Denis. ihe new development consists in the introduction
of coupling between heave and pitch motions, and in the more complete dis-
cussion ana evaluation of various coefricients in the couplcd differential
equations or motions, particularly those of the cross-couplinz terms. he-
cent experimental date obtained at E.1.7. on [orcine functions due to waves
show them to be mucn smaller than was previously assumed on the basis of
the Froude-Kriloff hynmothesis. 4 compariscn of computed and experimentally

determined shiov motions shows quite good correlation.

In the second part, some si~nificant features of recent theories for
tte studv of shio motions in irresular seas are discussed. It is shown
that pro-ress in this phase of seakeeping research does not need to await

the complete solution of the problem of motions in simple seas.

the material contained in this raper was collected as Lii: result of the
current activity of the authors in the field ¢f the seakeeping qualities
of ships, mostly under the sponsorship of the S-3 and ii-7 panels of the
dvdrodynamics Lommittee of the Society of Naval Architects and Marine
Eapineers, and of the Oftice of wa.al hesearch, Task Orders IV ard V of
.o.tract Néonr-2Li7.
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PART T

HEAVING AMD PITCHING RESPONSE OF A SHIP TO A REGULAR SEA

Equaticns of Motion

The obvious difficulty of obtainins gquantitative data or the state
of the sea and on the resultin® ship motions makes it reccssary to inves-
ti -ate the subject by means of laboratory research. The preblem can bhe

attacked in three different ways:
(a) by dircct model experiment in a towing lank;

(b) analvtically, using the simple theory of forced oscillationms,

with independent cstimates of the various coefficientss

—~
(9]
~

analytically, treating the subject as a boundary value problem
and evaluating the boundarv condition at tiie hull, taking into
account both the prescribed wave motion and the (oririnally un-

known) shir motion.

Exa:ples of the last method are found in the recent work of Stoker
and Feters (itefercnce 1), and in the previous work of Haskind translated
bv the Societv of Waval Architects and Marine kneineers (ueference 2). .or
Jhe rrosant, ceplasis 111 be placed on the second metloed; th2 first -- the

experimental -- method will be discussed later.

The second method was orizineted bwv Kriloff in papers read before

thz Institutiz: -f Naval Architects in 1896 and 1898 (hefcience 3), and

was followed »v Hazen and Nims (ieference L) and Bull (keference 5), and
by Weinblum ~nd St. Denis in two S.N.A.M.z, papers of 1950 and 1951 (hef-
erences 6 and 7). lhe subject and the methods of the present pacer can be

considered as a direct continmustion and development or the last mentioned

work.

The case of a simple linear oscillator acted upon by a hamcnic fore-

inz Tunction of maximum amplitude F is represented by the following equation:

3% * k2 + o =F coswt
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{he dampine force per unit velecity 2, and ¢ is the restoring force per
unit of disnlacement,z. Applicatior of equation (1) to, say, the heaving
motion of a ship excited by a simple head sea, considering the upward veloc-

itv of the ship and water surface as being positive, results in
[mi + ml(Z -t ﬂ + b2 -é ) * ¢z = (¥, - rs)COSuyt = (2)

Hdere, the inertial term is shown to consist of the mass of a ship, m,
multiplied ‘v its accelerstion, and the mass of the entrained water, LI
times the relative acceleration whic.. is the dirterence between thal of
the shivo, z, and of tre wave surracc5§ . bi%ewist, the ccoetficient of thre
dampine force is multiplicd by the relative vertical velocity of shir and
wave (z —e ). 1ie uxcitin- torce is shown to consist of two terms, I, --
due to changes of displacement -- ana b due to the pressure gradient

in tie waves, usually referred to as the “oSmith offect.”

1he present nroblem is te find tre shii- motior resulting from a spec-
ified wave form, which therefore is assumud to be known. The first step in
the solution is to sevarate the known wave motion ano the unknown shir motion

terms of equation {2), which leads to

(m + ml)i + by + cz = (ld - rs)cosu)t + mlE e Bl . (3)

the left-hand side of the above squation rerresems now the motion
of a shin rcscilliatine in smooth water, and ine ri-ht-hand side represents
the excitine force due to waves acting on a restrained ship whict i1s found

to consist of four temms representing rorces due to:

chanse of buovancy due to wave proiile,
change of pressure rradient in the undisturbed wave (Smitb Effect),
acceleration of the "added mass" due to wave motion,

witer velocity in wave aiflcvcted by the resence of the ship's hull.

The conuidermtion of only the first two terms on the right-ha.ud side in
equat ions of motion is known as the "lroude~Krileff hypothesis." In this
L.vpotuesis, the pressures acting o:. the ship suriace due to the undisturbea
waves are considercu, neclecting completely the added water disturbance due
to the presence of the ship's hull. The latter two terms in the definition

of exciting force represent the effect cif this cistortion or intcrference.
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vquation (3} is written for the heaving motion and a similar equaticn
is easily written for the pitching motion. In all previous work (except
Haskind's), “he equations of motion were written and solved separately for
heaving and nitching, and the coupling effect bhetween these two motions was
nezlected. Yet it is known from other fields of activity that the counling

effects can be very important.

A coupled svstem cf pitch and heave moticn js represented by

[t}
"y
[
o
"3

of simultanccus differential equations of the usual form:

= iwt
Te

]
o [ W
' J

a% + by + cz + d6 + o8

A8 + BO + CH + 3 + Eg

Me

ihe first three terms cf each equation are identical with the orisinal nen-
coupled eguaticns. T1he last twu terus on the left-hand side of each equation
are couplineg tems: dé is a heaving force due te pitching velocity, é; eb

is the heaving force due to pitching displacement, 9; and U2 and Ez are ihs
pitchinz moments due to heaving velocity and heaving displacement, respec-
tively. The cross-coupling inertial terms are omitt=d in view of previous
experience witr. airplanes and seaplanes in porpoising, in which cases they
were shown to be negligibly small. ihe harmonic forcing functions on the
rizht-hand sides of equations (L,, which are equivalent to the right-hand
sides of egquiion (3), are represented in ccmplex form in order to simplify

the subsequent algebraic operations, and it is understood that the real vart

is tc be taken. & and M are complex amplitudes of forcing functions, i.e.,

they indicate bholh the absolute magnitudes of the force and moment, re-
spectively, and their phase relationships with respect to eﬂdt. ror in-
stance, if a conventiorn is established that time t is zero when the wave
crest is at the midship section, and if it is observed that the heaving
force has a maximum valve of 1 1b. at this instant, then ¥ = F = 1. How-
ever, if the maximum pitching moment of, say, 3.3 ft/lb. occurs 90° earlier
in the cycle, i.e., when the wave crest is at Station S5 (considering the
ship length to be divided into 20 parts}, and the nodal point at the mid-
ship secticn, then M = 3.3i, where i =v/:I. in the present work, the
forcing functions have been detearmined az a whole from experiments on a

completely restrained model.
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Soluticn of the Lquations of Motion

It will be assumed Lhat equations (L) are linear, and that all co-
efficients are constant and are independent of time. It will be further
assumed that the ship is moving in a uniform sea and that a steady state
of pitching and heaving is established. In such a case, the transient re-
sponses have been damped out, and only the particular solution of equa-
tions (L) is needed. Since the forcing functions are hnarmonic, the re-
sult.aiit motion can be expected to be likewise harmonic, amd the solution
can be assumed to be in the form

z = Ze and 6 = Eel*t . (5)

where Z and 8 are complex amplitudes of the form
ia

Z=2e and
o]

o]l

= @ eiB
o]

Here, ZO is the absoiute value of ieavinr amplitude, 90 is that of pitching,
iwt

and -2 and -P are the phase lags of motion with respect to e

Substitution of the assumed solutions (%) into equations (k) leads,
after 2 few simple algebraic operations, to the evaluation of complex

amplitndes:

= My - Fs
(RN o e /
4T W - PS (6)
— FR - NP
=g (7)

The capital letters in the above expressions represent the eroupings of

the coefficients of differential equations (L) as follows:
2 .
P = caw + ibw+ ¢
Q= idwt e

> (8)
k

1w+ &

S=-Aw2+iﬁw+c .
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In this form, the numerical soluticn of the coupled equaiions (L) can be
carried out quite conveniently. First, the values of all the ceefficients

of equations (L) are listed, then groupings of those shown uy equaticns (8)

arc cermputed; then the complex amplitudes (6) and (7), and from these, finally,
the abcnlute amplitudes ZC and 60 and the phase lag angles -a and -f of heave

and pitch, respectivelwv, are computed.

Evaluation oi Coefficients

The solution of the coupled equations of motion (L) is shown above to be
quite simple and suitabie for the analysis of ship motions. The practical
value of the calculations hinges now entirelyv onrn vhether it is possible to
estimate the values of the various coeificients cf equations (L). The sim-
plest and mest definite coeflicients wiil be treated first: the restoring
force and moment coefficients ¢ and C and the cross-coupline coefficients
e and L due tc changes of displacement in pitch and heave. 4ll of these
are in realicv quite nonlinear, wt with a linearizing assumption they are

comput 2d on the basis of the waterpl.ne offsets y as follows:

. . "'L/2 -
c = ggg / vz dx
T e-L/2
~ +L/2
G = -%Ejr v{8x)x dx
-L/?
> (9)
2L/2

In the above, x is the distance from the midship section, y denotes

the half-breadth of the waterplane at a given x, and equations (L) define

the motion as that of translation of the center of gravity in heave, and

i
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the rotation of the ship about it in pitch. The usual small displacement
of the C,G. from ithe midship section will be neglected here for simplicity,
and the oririn of coordinates x = O will be tal.en at the midship section.
The aquantity pg is the weight of water per cubic foot. The arbitrarily
assumed displacements z and § are showis only for cempleteness cf form, but
in practical computations they cun be taken as unity, so that the integrand
has the general form of ™ dx, where n = 0, 1, or ¢. Following the usual

praztice in displacement calculations, the integration can be readily per-

]

orm«d by Simpson's rule.

in the ecase ¢i' the

\n

-rt. medel of v.T.M.,0. Series 60, with a block

coefficient or 0.00, tlie evaluation orf the above integrals gives

c = 1luo 1b. per ioot oi hLeavins displacement
C = 202 rtslb. per radian of oitching displacement

e = E = =20 1b. per radian or 1ri.lb. per foot of displacement .

Next in order of simplicity arc the mass coefficients a and A. Here,
a=m/(l+ kz), and A = J {1 + ke), where m and J are the mass and the
lon~itudinal moment of inertia of & ship, respectivelv, ard kz and ke are
the coefficients ¢f added mass of entrained water or accession to inertia.
Followin~ tre commen rractice, these are assumed on the basis o: comparison
witk submer~ed ellipsoids, and in the present work were actuaily read from
the charts eiven in the Weinblum and St. wvenis S....A.M.E. paper of 1950
(lteference 6). At this peint, it is well to remember that the natural
antular frequencies of cscillation of a ship in still water are given by

ti:e exvressions

Py C 3 - Py E‘ 5 s
v, ~© \).'73?1—*‘ .lr—_—) and (/e & VJ(].__—‘* kje (10)

)

t

e

'), Tne correciness oi Lhe assumed cocff

—~
[N

4~
gy

[

nertia carn be verit'ied by comparison of the computea and experimentally
observed natural periods. The correlation in this case was found to be

very gowd, and appears to be independent of model forward velocity.
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Next are the four coefficients b, B, d, and D of the temms which are
dependent on the velocity of wotion. The basic building block in evaluating
a1l of these is the expressicon derived by St. Denis in his 1951 S.N.A.M.E.
pape} (heference 7):

), A2 .

Nix) = 2 pQ’S%P (kv) -2ka

o

) , (11)
kL

where

N(x) is the force acting on a unit leneth of a prismatic floating
bodv e tc a unit heavinz velocitv, z3 this expression was de-
rived by considerine the dissiration of enerzy in plane waves
caused by the heavinir oscillations of a prismatic body of the
beam 2Zv and the mean dratt a  (iere, the rrequency of oscil-

lation is equal tec the frequency of encounter with the sea waves);

v is tle offset at the load wateriine {a function or x);
k is wave number <n/x;
IS iz tae lensth of the waves penerated by the ship's oscillation

cf circular trequency,w ;

a is the mean degth of the section of the ship considered, i.e.,

(cectional area)/<v.

Various coafricients for the entire ship are now evaluated bv the
strip theorv method in which it is assumed that each element of ship length
acts independently of the adjacent ones, as though it were a part of an in-
finitely long prismatic bodv. The contribution of all elsments are then

intervrated bv Simpscn's rule. The simple inteprals are:

+1/2 )
b =Jr i(x) dx (12)
-L/2
in 1b. per tt./sec. of heaving velccity, z
+L/2 R
sl BERS (13)
-L/2

in ft.-1lb. per rad./sec. of pitching velocity, 6

aat }

s ) 1
o ] e |
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+L/2
d == Eixx dx (1k)
-L/2 .
in 1b. per rad,./sec. of pitching velocity, 6,
and in ft.-1b. per ft/sec. of heaving
velocitv, 2.
ihe curves representine the cemputed values of the above intesrals

plotted vs. circular frequency of enccuntor, w, are viven on Figure 1.

In the case of the coefficient b, the lasgest part of its value is
cont ributed bv the miadle part oi the shin's length in which the water flow
is not too difrerent from that oi a iong prismatic bodv. Wha.ever small
delicicy 0i fcroc results L'rom the cross I'low from one ship section to
a verv similar neirshboring oue is compensated for bw tne additicon of a
viscous or =ddymakincs force resulting from the water flow around the bilges.
1he coefticient b can therefore be assuned to be correctly represented bv

the inteoral (12).

In the case of the integral (13), for the mcment coefficient B, a
different situation exists. The larrest part of the contribution to the
value of this intesral ccmes

~
[Spth

‘rem sceticng at the ends of the ship where

b

the true three-dimensional Tlow differs considerably from the two-dimensicnal
flow postulated bv equation (11) and by tre inte-ral (13); therefore, the
true value of tie ccefficient B must be much smaller t.oan that indicated byv
the interral. The exact three-dimensicnz )l ¢olution is available in the

cese of an elonvated submereed spheioid (1eferences o and 9), and comparison
of it witp the strip theory intizral (13) indicates that one-half of the
value of the latter must be used. It is assumed in the present work that

the same factor ol ore-hall will also be applicatle in the case of surface

ships.

Integral (1L) for the cross-coupling coef'ficients d and U contains x
in the first power in the integrard as against zero power for b, and square
for 3. It will be assumed, therefore, that 75% of the calculuted value of
the intepral (14) is tc be used as compared to 10Ux and S50% for b and B,
respectivelyv. [t will later be siwwn that, with these assuuwptions, there
is verv good correlation between the computed 2nd experimentally measured

amplitudes of ship motions.
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The Forcing Functions

It remains now to consider the forcine functions on the right -hand
side of equaticns (li), which, in the case of heave, for instance, are
equivalent to the rirht-hand side cf equation (3). The first two temms
of equation {3), dus2 to displacement changes and chanves of pressure gra-
dient, comprising the "Froude-Kriloff hypothesis," are readily calculable
bv the familiar methods of buoyancy calculation. Lt is believed that the
other two terms can also be computed bv methods indicated in the St. uenis
S5.N.A.¥.E. paper of 1951 (ieference 7), but this work has not yet been done.
Instead, the entire rorecing functiion was measured erperimentally by supporting
a restrained medel in the towing tank by means of dvnamometers having small
detlections, since the r'irst part of the prcblen is detined as that of
verifying the correctness of the usc of the coupled eguations (L), and of
the cvzluation of their coeifficients. oSuwt'r'ice it to say here that the
total heaving force was found to be of the order of 50%, and the total
pitchiins moment o1l the order of 75% ot thcse compuved on thz basis of the
Froude-Krilot'f hypothesis. The measurement or these forcing functions was
made under the sponsorship of thc d-7 punel of the S.N.A.M,E; the prelim-

inarwy data are given in Reference 10.

Gomparison of Calculations with Experimental lesults

So far, the calculations have been applied to one model of uU.T.M.B.
Series 60, having a 0.60 block (Reference 11), at one wave length equal o
the model leneth and a heivht of 1/L8 of its length. Since this is the
wave height chocen bv the International Cenference on Ship Hydrodynamics
for comparative tests of models in manv tanks, a large amount c¢f exper-
imental data should soorn become available for comparison with theoretical
calculations. iour American laboratories have kindly furnished their test
data to the authors. Figure 2 shews the computed curve of pitch amplitudes,
and the experimental data of the two laboratories which were nu.® t-nsistent
both with each other and with the computed curve. It wiil be oboerved tnat
good agreement is obtained throughout the speed range from zerc to a speed-
length ratio of nearly 1.0. This good correlation thnroughout the.speed
range can be taken as a comlirmation cf the validity »f the computation of

the coefficients of the velocity temms shown in Figure 1, as well as the
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application of cerrection factors of 1.0, 0.75, and G.50 for coefficients

b, ¢ and D. aad B, respectively.

A peculiar feature of the experimental dais, the occurrence of the
maximum amclitude of pitch at very low speed, is alse confirmed by the cal-
cuiated curve. 1lhe natural period of the model osciliation in pitch in-
dicates the resomant speed to be at about 1l.u [i./sec., whereas the apparent
resonance of the actual motion is shown to be at about 1.5 ft./sec. This
shift of the apparent resonance tc a lower speed is now seen to be tha
effect of the cross-coupling cecefficients d, v, e, and L. A different
amount ; and possibl¥ o dift'ereai direciion of snift, can be expected with
different values cf these coefficients for another hull. The usual charac-
teristics of conventional ship forrrs makes one expect, however, that a shift

of resonance to a lower spevd will be gcncrully touncd as in the present case.

Figure 3 shows a similar corrclaticn lor heaving amplitudes. 1t can
be seen that the disagreercnt ol the experimentallv measured heavc, even in
the case oi the twu laboratories having the closest agreement of data, is
verv larege, anc tnerefore a complete verificstion of' the computational pro-
cedure is not possible. Nevertheless, sood arreement as t.c the crder of
marnitude of the naximusx heavine amplitude is evident, as wcll as weneral
similarityv of the shapes cf the comouted and experimental curves. ‘lhe ea-
rorimental data indicate, however, the shif't of the apparent resonance in
heave to a much hisher speed, i.e., in the direction opposite that of the
vitching resonance. The computed curves show correctly the directicen of
the trend in semarating the speeds of apparent resonances in pitching and
in heaving, but fail to show the shift of heaving resonance to such a high

speed as is chown experimentaily.

Fipure ' shows the phase relaiionships. 1lhe upper part of the Figure
indicates the phase lsgs of the heave and pitch amplitmna=s with respect to
the amplitudes of heaving force and mom:nt. 7T1he maximum heaving force occurs
when the wave crest it close to the midship section. the maximum amplitude
of heave, however, is delaved until the wave crest rolls further aft. for
instance, at the timc of appurvut rescnance in heave, at a speed of 1.0 t./sec.,
the phase lag is 900; in the present case, this is equivalent to 1/h of the

ship's iength. The maximum heipnt of the heaving motion will therefore cceur
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when the wave crest is at Station 15, and the following wave trough is at
Station 5.
The lower part of Fipure L shows ‘the lag of heaving amplitudes with

respect to pitching annlitude. The experimental data on phase relation-
ships are not vet available, but some pne.lim:i{x@ry information indicates

that the low vulue of this la~ at low speed is found experimentally also.

It can be added here that, in the past, few experimental data on ship motions
have been published, and then often onlyv in the form of heaving and pitching
data separately, withcut any infermtion on the phase relationship telween
the two. In such form, the information given does not <escribe completely
the ship motiens, and does not permit the derivation of other properties

ol meticn, ag, for instance, the vertical acceleraticn at the bow or stern.
in orasr to completely describe the mction, all three quantities -- the
amplitudes of heave and oi pitch, and the phase relationship between the
two, are necessary. These three quantities will describe the absolute
motion oi a ship, but they still do not permit judgment of the degree of

bow or stern immersion. ror this purpose, it is necessary to relate the
ship motiocn to the wave motion by giving these phase relationships also,

as shown bv the computed ones in the upper part of Figure L.

A nuestion can be asked at this stage as to what has been gained by
the use of the coupled equations of motion as compared to the simpler separate
equations for pitch and heave. It has already been mentioned that coupling
has brough® the calculaied resonance in pitch to a lower speed, correctly
representine the experimental data. Comparative coupled and uncoupled cal-
culations were made at one speed of <.1 ft./sec., which is somewha® above

the uncoupled resonance speed, with the following results:

Computed from

1 +
Coupled Experimental

| 3
ncoupled VaTies

Equations | Bquations

Heave Amplitude 0.L2 in, 1.1 in. about 1.15 in.
Pitsh Amplitude | 10.9° 6.2° about 6. 3°

The high damping in heave and small magnitude of the measured heaving

force indicate a very small neaving amplitude, if computed as uncoupled
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motion, leaving the large experimental heave utterly unexplainable. On
the other hand, low damping and high exciting pitching moment tend te give
an exaggerated pitching motion when calculated in the single mode. The
effect of taking the coupling into account is to hold down the pitching
and to increase the heavingz, thus bringing both to a much better correla-

tion with the experimental data.

It is interesting to note here that in all cases of previously pub-
lished calculations of ship motions, such as those of Kriloff in 1898

(Reference 3), Hazen and Nim (ueference L) md Bull (keference 5}, no ex-

3

erimental verifications of the calculations are made. The indicated

Rel

itching motions, however, appear by examination to be exaggerated. This

&)

¥argerat ion is now seen to be the result of two factors: the use of the
Froude-Kriloff hypothcsis leads t-~ exarrserated va lnues of forcing functions,
and the use of uncoupled ecwitions likewise tends to exapeeratc the pitching
amolitude. In the case of the 5t. venis paper of 1551 (Reference 7), the
calculated amplitudes do rot appear to be abnormal. 1In the Introduction

to that paper, it is stated that the Froude-Krilcf: hypcthesis was used,

but in reality, in the development of the paper, ali tems of equations (2)
and (3) of the present work were taken into a.count., Hence, the exaggeration
of forcing functions was probablv aveided. The exaggeration of the pitch due
to the use of the uncoupled equaticn of motion was likewise balanced by not
considering the reduction of the damping cosfficient 8 due to three-dimen-
sional fiow. In fact,; the assumed damping was effectively taken as doubie
the probable actual one. .0wiwei, Since no experimental check was avail-

able in this case either, a more detailed discussicn is not possible.

It must be clear from what has been said abeove that a verification
of a theoryv at cne test speed for either pitch or herve alone is quite
meaningless. If a theory .s tc be wvalid, it nust show a reasonable agree-
ment in pitch and heave simultaonecusly throurhout the entire practical
speed range. If this strinsent requirement is fulfilled, as it appears
to be in the present cacc, the zgreement can hardlv be called fortuitous,
and can be accepted as a valid verification. Further verification is
needed in the present case fcr waves of other lengths and for ships of

other forms, but at the moment it appears that a practical engineering
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tool is near at hard for the prediction of ship mctions on the basis of ship

hull geometry, and a known or specifiea sea of simple form. The extansion

to irregular seas will be discussed in the second part of this paper.

Concluding Remarks

In concluding the first section of this paper, the bearing of the
thecry on the interpretation of experiments can be briefly discussed.
Theoretical calculations indicate that the effect of the heave and pitch
coupling is tc hold down the pitching amplitudes, or it may be thought of
as effectivelv increasing the damping in pitch. This makes the pitching
motions less sensitive to odd disturbances, and, indeed, the experimental
pitching data are found to be reasonablv consistent. On the other hand,
the effect of coupling is to increase heavine amplitudes, i.e,, effectively,
to decrease the damping in heave, making it much more sensitive to unfore-
seen excitations. In fact, the experimental discrepancy in the heave data,
even between the laboratories having the best agreement, is disappointin-ly
righ,

So far, only the coupling be*ween pitch and heave has been considered

theoreticaliv. It is extremelv desirable to consider the entire motion in -

a plane of svmmetry, i.e., surge as well as rcave and pitci:, and particularly

to investigate the effects of surge couplin’ and of variation in test con-
ditiens in regard to surging mction. This will indicate to what extent it
is necessary to provide the correct freedom in surge in laboratory tests.
At presernt, alithough efforts have been made tc have the test cocnditions
correct with respect to heave and pitch, epparently no control is exercised
as to the masses involved in surging motion. 1t would be of 3: 'erest to
check, both experimentallv and by calculation, the extent to which this may

affect the heaving moticn, in which the diccrepancies are most conspicuous.
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THEQRETICAL AND X PERIMENTAL INVESTIGATION
OF SHIP MOTIONS IN IRRECUIAR, LONG-CRESTED SEAS

Twportance of Lrregular Waves

1t is generallv recognized that resular waves of the tyce discussed
in Part I of this paper are not representative of aclual storm seas, al-
thourh they mav approximate a smooth regular swell. Of course, swell con-
ditions are often encountcred at sea after a storm has passed or as the re-
sult of a distant stomm; thev are more common on some of the ocean rcutes
than on others. But the problem which is usualiv muie scricue, and certainly
more difficult, is that of ship metions in storm seas while a strony wave-
ceneratinT wind is »lowing. The sea is then characterized by great apparent
irregularity, incessant chanve of appearance, and by the fact that wa-cs are
"short-crcsted", i.e., lookin~ alon? a crest, onc may swe that it seems to
disappear at a short distance, perhaps in a hcllow of another wave. The
moticn of a ship in such a sea likewise is quitc irreeular, with nitching,
rolling, yawins, etc. all combined. Concentratinz on pitchinz, for example,
the continuallv changing apparent periods, lengths, and heights cf' the waves
result In continually iluctuating periods and amplitudes of pitching. Thus,
it is clear that the use of average waves for the study of motions is in-
adeqrate, and the present lkrowledge ol behavicr in resular waves is not

directly applicable to the problem of motions in irrepular storm se:s.

A verv promising approach to the irregular sea mction problem has
been set forth by St. Veris and Pierson in Reference 14, and in the work
of Fuchs ard MacCamv (Reference 13). The essential idea is that motions
in irresular waves can be accounied fer on the basis ¢f motions in regular
waves of a varietv of leneths. It is first shown that the irresular sur-
face of theocean in a storm can be considered 2s the combined effect of
an infinite number of compcnent waves of different lengzth, height, and
directicn. The hypothesis is then advascad that ship responses to such
irregular waves in pitch, hezve, roll, etc. may be considered as the sum

¢! the responses to each of the component waves. This means that studies

o5f resular waves become more, rather than less, important than in the past.
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The theory has far-reaching consequences, for, if cenfirmed, it means
for one thine that when satisfactory analvtical solutions for ship mections
in resular waves are obtained, thev may be applied at once to obtaining the
complete analytical sclution of the irrepular sea case. However, this goal
is not within immediate possibility of achievement. & second consequence
is of more immediate importance: the possibilitv of obtaining the ship
responses to repular wavcs cxperimentally, and applving them to the ir-
rerular wave problem without waitine for the compiete analvtical solution.

1t 1s this secona aspect that will be considered here.

To start with, it must be realized that successful completion of any
research requires a certain simplification of the problem. On the one land,
it musi oe stripped of unimportant clements, so that attention can be con-
centrated on the most sienificant features, and on tle other hand, certain
important feaiures must be sesrezated feor investivation first, independently
of the others. Tror the present problem, the complete ship motion is separated
into the three component rctations ot pitch, roll, and vaw, and the three
translaticns of heave, swav, and surge. Experience with shir motion studies --
as well as with comparable work in aeronautical engineering -- has shown that
it is feasible to serrepate the Lhree motions in the plane of symmetry --
heave, pitch, and surge -- and to investirat= these first, postiponing the
studv of all six until later. Phvsicallv, this means that motions in head
or following seas can be investigated independently of motions in waves ot
other directions. This is clear enough in a regular wave or swell, but in
the case of an irregular sea, it implies the further assumpticn that all
irrevularity in the transverse direction is neglected. 1n short, the prob-
lem s considered as being completely two-dimensional. 1lhis type of two-
dimensionalyor lorg-crested, irresular sea will be further discussed late..
Suffice it to sav at this point that tlie current development of the analytical
and cxperimental techniques for ship motion studies is not vet adequate to

deal with the problem satisfactorily unless so simplified or limited.

Characterizine the Ocean Surface

The aquestion of ship motions in irrecular seas leads first to the
problem of charactcris_r. the comrlex surface pattern of Lhe ocean. It is

comparativelv eausv to create a completely confused sea in the model tank,
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and this has been dcne by the use of baffles, allowing reflections from

the ends and sides of the tank, and by introducing irregular paddle motions.
None of these methods is desimble, for the resulting confusion is not like
the irregularity of the sea, and it is not subject to satisfactory analysis

or repetition.

The sirnificance cf recent work in phvsical oceanography (hkeference 1L)
is that the confusion of a storm sea is found tc be more apparent than real
aixd that the application of statistical methods can bring a certain degree
of order out of the apparzni. chaos. These methods received their initial
impetus from the need during the last war for predicting surf conditions
at landing beaches. Work has been continued in this country under the
svonsorship ¢f the beach trosion board and the Office of Naval kesearch,
leading to the extension of the knowledre and techniques for application

Lo ship molicn problems (sce Keierence 12J.

Sample records of the ccean surface at a fixed point are shown in
Fieure 5. Such records are obtainable from a pressure recorder on the
bottom in shallow water, for example, or by means of a long floating "wave
pole" in deep water, with instruments for recording the water elevation in
relation to it. The first record (a) is typical of the sea surface in a
storm area, where the wind has been blowing for some length of time. It
is characierisved by an apoearance of great irreoulzarity and confusion, with
wide fluctuations in the intervals betwesn crests and in the wave heights.

hecord {b) is trpical of a "swell," the sea surface after a

(O]

torm has passed
or at scme distance from a sterm. [t is irregular, but not nearly so ir-

recrular as Lhe other reccord.

Both records of Figure 5 -- even the apparently chaotic first one --
are found to be amenable to amalysis statistically because of a very important

14

¥

w

cbserved fact. To explain t

fact, the record is firsc marked off at egual
small intervals of tume, as shown in Figure 5. and the deviatinns of the

points from the average line are classified and plotted on the basis of fre-
quency of occurrence. 1L is fourd then that the r s very close to a
typical "normul" or Uaussian distribution curve, as shown in Figure 6. The
distribution curves will be different for different wave records, but they

are always found tc be very close to the tvpical shape. Starting from this
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important characteristic of ocean wave records, Pierson {Reference 1l) has
found that the sea surface can be represented as an infinite number of in-
finitesimal sine waves superimpcesed in random fashion, so that all of the

crests never coincide. 4As a practical matter; the elevation at any instant

may be ccnsidered as the sum of poirts on a large number -- instead of an
infinjte number -- of sine waves of very small amplitude. This picture may

be visualized by assuming a large number of corrugated plates, each with a
different sized corrugation, stacked on top of one another. The composit.
wave pattern can then be obtained by adding the heights of the points on

the plates vertically in line. £ach of the component waves possesses the
well-known characteristics of simple surface waves whereby the wave is com-
pletely specified by its frequency (or period) and its heigit, cince wave
lencth and velocity are known functions of frequency (or period). However,
these compenent waves are not directly visible in a seaway or a recordj they

can be found only by a rather complicated analytical method.

The frequencies or periods of the component waves and their relative
importance in an actual wave record are described by the "energy spectrum"
of the seawav. For the casc cof 2 reasonablv steadv wind blowing over an
initially calm sea for a sufficient length of time in the open ocean,
Neumann (Reference 15) has obtained a mathematical expression for this
spectrum, which can be worked out for any desired wind velocity. typical
example is shown in Figure 7(a), in which the curve simply indicates the
relative amplitudes or heights of the many wave components present in a
typical ideal seaway. In this Figure, it is shown how the wave patt=rn is
approximated by taking the sum of say 1li component wave~, neglecting the
low waves at each end. The frequency, and hence length, of each compcnent
is indicated by the position of one of the narrow rectangles along the
ordinate scale of frequencies,w (or periocd, T), and the amplitude of each
component is given by the square root of the area of the same rectangie.
Fignre 7(b) shows the 14 components corresponding to each of the rectangles --
the "corrugated plates™ previcusiy mentioned. Suiming up the heights of these
components at successive instants will give a typical wave pattern similar
to Figure 5(a). The greater the number of components taken, the more exact-
ly will the pattern approximate a possible ocean wave record. Hewever, no
two records -- either artificial or real -- will ever be exactly alike, even

though their statistical properties may be identical.
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Thus, the appzrent irregularityv of the sea and of ship motions in it
mayv be considered simply to be the sum of a verwv large number of regular

waves and motiens superimposcd.

The enerpv spectrum is different from the ideal, however, it the
wiid has not blown long enough for the sea to be fully developed, or if
the open cea distance or "fetch" over which the wind has blown is limited.
The spectrum grows {rom the high frequency end, and, in incomplete form,
it would terminate at some frequency -~ say w, in Figure 7 -~ determined
by the duration or fetch. Hence, the spectrum of a simple storm appears

to be a fairly definite functicn of wind velocity, duration, and fetch.

5o far, nc mention has "~ 1 macde ¢! ihe direction of motion cf the
waves. Actuallyv, it appears that thc wave components are not all travelling
in the same direction -- as a result of [luctuations in the storm winds
which created themj that is, the corrugated plates previousiv mentioned
lie at different angles to one another. 7Tthis resulte in the charact
their motion. However, it is believed tnat the directions of most of the
com-onents lie within :300 of that of the dominant crests -- when the dis-
turbance creatcd by a single storm is cornsidered. ‘The theoretical form of
three-dimensional spec.ra has been tentativelyv worked out, thus permitting
the mathematical representation of the sea surface over an area as well as

at a fixed point {see Hefrrence 12},

The work discussed has dealt entirely with 2n idealized spectrum of
a single, simple storm. An actual sea spectrum may be much less smooth and
remelzar than the spectrum shown ir Figure 7. Manv more ohservations at sea
are needed, using the statistical theory as the basis for analyzing the re-
sultinz dava. Meanwvhile, the idealized spectrum appears to be quile satis-
factory for the present amalvtical and experimental work. Even though actual
storms mayv differ somewhat, they will certainly be of the same general char-

acter.

Sienificance of Short-Crestecdness

If the study is limited first to the symmetrical motions of pitch,

heave, and surge, as discuscn~d above, uvhe next step is to detarmire how
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important the characteristic of chort-crestedness is to the present problem.
Short-crested beam seas, containing components of many different directions,
obviously produce greater longitudinal forces and moments thaa long-crested
seas, no matter how irregular, if parallel to the ship's course. lence,

for this case, short-crestedness is very important. As the ship's heading
is shifted more and more toward right angles to the dominant direction of
the sea, the effects of the variation in dircction will becomec 1255 and less.
In order to determine coxactly what the affcct would be i a Lyical case of
a nead sea, some calculations were carried out on the basis cf the three-

dimensional spectrum given in Reference 12. The results are shown in

Figure 8.

One of the curves in Figure ¢ shows Neumann's ideal storm spectrum

¢ a fixed point, corresponding to a 30-knot wind (Keterence 16). When taking
a record at a fixed point, it makes no difference whether or not a long- or
short-crested sea produced the record. However, a ship moves throush thre sea,
and therefore it is convenient to consider the spectrum which would be re-
corded at a moving poini. In this case, it does make a difference whether
or not the sea is long- or short-crested. The spectrum for the long-crested
case is obtained by shiftines points on the original spectrum so as to correct
for the period of encounter. The spectrum corresponding tc a peint moving at
15 knots in a directicn opposite that of the waves is shown in Figure 8. To
obtain it, values of the relative amplitude [r(w)]z for different values of W
have simply been replotted at the w value corresponding to the frequency of

encounter.,

inally. the corresponding spectrum was detemined for a point moving
at 15 knots into the wind, with a three-dimensional spectrum of the form
given in heference 12 tor au ideal short-crested sea. This was done by
assuming the short-crested sea to be made up of groups of camponents dif-
fering from each other by headings of 10°. The spectrum For all components
at each different angie was then calculated, corrected for the effect cf
speed on frequency of encounter, and integrated by equation 1.23 of Refer-

ence 12. The result is also plotted in Figure 8.

Tt mav be seen that the difference between the two spectra for =z

£

moving point is very small, and hence the use of a long-crested sea for

-

ooy

e ey

(e § wemy [ ] vy —

BN NS e




- r-: .

t--.-.i

experimental and analytical work on svmmctricai motions is certainly justi-
fied. As 2 matter of fact, the two curves could be made practically to co-
ircide by using a fictitious wind velocity for the long-crested sea somewhat
higher than the specified 30 knots. This would give a sea almost exactly
equivalent to the short-crested sea, insofar as the spectrum is concerned.
This refinement, however, is hardly necessary in view of the degree of

accuracv with which sea spectra are known.

It is important also to consider wave lengths when cocmparing different
irregular seas in relation to ship motions. The spectrum characterizes the
periods and heirhts of compcnent waves, but -reat care is required to obtain
information regarding the lengths of the component waves. The difficulty is

that periods or frequencies are changed by movement of the point of observa-

tion, but effective wave iergths are changed oniy by dirrerences in direction.

When a ship encounters a short-crested head sea, the effective leneth (in
relation to symmetrical ship motions) of each componentzwave is the actwal
lenpth divided by the cosine of the angle between its dimection and that of
the ship. Hence, it is clear that the avcrage length of a short-crested

hcad sea must be somewhat longer than that of a long-crested sea having the
game spectrum at a fixed point. It would be possible to work out the average
wave length for the long- and short-crested seas, but it will suffice to note
in this case that if a somewhat higrer fictitious wind velnnitv were assumed
in ¢rder to bring ibcut agreement between the two spectra in tigure d, then,
at the same time, the average wave lengths would be brought into closer
agreement. In the case of following seas, on the contrary, the coriections

to spectrum and to wave length work in opposite directions.

The significance of all this is that if a long-crested sea is adopted
for studies of svmmetrical motions, a legitimate simplification is coblained
anu noct merely a rough aprroximation haviny ne theoretical foundation. It
simplifies both analytical and experimental problems greatly, and opens the
way tc the possibility of : straightforward veritication and evaluation of

the S, Denis-Pierson the.rv (..eference 12).

In simplifving the problem of ship motions by neglecting short.-

crestedness as described above. it must not be forgotten that there are

1%

conditions of the sea in wnich v iirections are very imporiant to the
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svimmetrical motions. These are cases which cannot be approximated by a

single simple stom, such as
(1) the combined effect of two or more storms at some distance apart;

(2) the effect of a storm sea building up on an existing swell (al-
though, in time, the swell may be destroyed by the stomm wind
(neference 16), the combined effect may be apparent for some

time);

(3) the effect of circular storms or sudden shifts of wind direction
(keference 17)3 cenditicns at Lhe eye of a hurricane, for example,

defy amlyvsis bv present methods.

Conditicns such as the above can produce very extreme cases of short-crested-
ness, with pyvramidal crests and deep hcles., Wdata on such conditions are
certainly n~»eded, ana tne corresponding ship motions must in due course be

studied analvticallv and experimentally.

Creating Irregular Long-Crested Waves in a Model Tank

There are two possible methods of c¢reating irregular long-crested
waves in a model tank. One is tc¢ superimpose a finite number of components,
a process whnich becomes increasingly cormplex as the numb
increased. The other is to varv continvouslv the frequencv and amplitude
of the wave-gecnerating mecharism. A variation of {lhe second method looks
particularly promising 2t the =.1.T7. at the present time. A sample record

of the irregular wave produced is shown in Figure 9.

The analvsis of typical experimental reccrds has shown that the dis-
tribution of points at successive time intervals are very nearly Gaussian,
as required, and that the distribution of apparent periods can, by suitable
control, be made to correspond closelv Lo the distribution obcerved at sea,
as given by leumann (keference 1£). A comparison of the period distritwmtions
for a typical case is given in rioure 10. ‘Yapparent period" is defined here
as the time between successive crests of the irregular wave record, which of
course gives no direct indication of the periods of the component waves. An
energy spectrum analvsis of a l%-minute record is now being made on the Univac

machine at the Wavid Taylor Model Basin, but it is not yet available.
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The irregular wave method being develcped zt Lhe E.T.T. is very simple
in principle., Use is made of flcats at the wavemaker end cf the tank to con-
trol wave amplitude, and of a continually varying paddle frequency to provide
a wide range of wave frequencies. ’'lhe object ic to make the period of each
maddle stroke different, and hence the motor speed control rheostat is
chanced manually after each stroke. Of course, without some control of
amplitude, the shuit strokes produce higher waves than the long ones, and
an unrcalistic sea resulis., By usine a light "polarfoaw" flcat, 36 in.
long and 4 in. thick, extendineg the width of the tank, the heights cf all
waves less than 3G in. long are reduced almost to the height of the 36-in.
waves, The exact nroportiors, number, and ballasting of the floats to
give the best results requires furthcr study, but the basic idea seems to

re scunc.

It would undoubtedly be pessihle to applv the above method to the
oceraticn of a random-sea gcnerator, thereby producing a different wave
pattern every time it is operated. This ic not the ai.., however, because
an important teature of the methed is that it appears to lend itself to
making a repreducible sea. ihc cbjective is to provide mechanical-electrical
control whereby the wavemaker will repecat at will a sequence of strokes of
approximately 3 minutes! duraticn. This corresponds to about 30 minutes of
a full-scale ocean record, which, as indicated by Pierson's work, should
provide a satisfactorv sample from the statistical point of view {hcier-
ence 1), If this reproducibilitv is successful, it will permit one or
more wave patterns to be amlyzed once and for all, and thus eliminate the
need for multiple analysis of wave recerds. 1t is also hoped that dire."
comparative tests of different models can be made in the samc wave pattern
for eithei head or following seas. OUf course, a model run in the tank
Lsuallr reaquires much less than 3 minutes, and therefore a large number

of runs will be required in different parts of the wave pattern.

It must be clear from the first part of this paper, however, that
ship motions are governed by a large number of characteristics (exprissed
as coefficients of the coapled diffcrential equaticnsj, aud that it is not
probable that the best combination of these for improved ship performance

.

in waves can be obtained by pure cut-and-try methods. Ilurther development
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o' anaivtical methods will also have to be pursued for irregular as well as
regular seas. In the irrcgular case, References 12 and 13 represent the
pioneering work; but the first is comp.ictely devoid of experimental verifica-
tion, while the experimental part in the second one is rather brief. It will
be necessary, therefore, to devote a considerable amount of effort to the ex-
perimental verification and further analytical development of the theory of
calculatine the complex sea motions from the known ship responses to simple

S22S .

The experimental application of irregular waves to the problem of

bending mements in a ship model will be described in a forthcoming paper
v 24

[¢}}

w be
in nrecaration by cne of the awthors (Keference 18).

The Present C.N.R. Project at the E.T.T.

The work on irregular waves now being carried out at the Experimental
Towing Tank is being done under contract with the O}fice of Naval hesearch,
under the technical cognizance of the vVavid Taylor Model Basin. Briefly,

the project has two aims:

(1) to make a direct comparison of the resisimce and motions of two
extreme hull forms in both regular and irregular long-crested

tank wavesj and

(2) to check on analytical methods of calculating ship responses to
irrepular waves on the basis of the responses to regular waves

of a wide range cf frequencies,

(a) by meaps cof statistical methods {St. Jenis-Pierson,

Reference 12), ard

(b) by point-by -point calculation (Fuchs-MacCamy, Kefer-

ence 13).

It is expected that the statistical study, item 2(a), will yieid the motion
spectra and the average and maximum amplitudes of motion. The point-by-point
calculation, item 2{b), will result in the timc history of motion in relation
to the wave, in order to provide a picture of wetness of decks, propeller

emersion, slamming, etc. It will be noted that the prcblem of ship motions

in reguinr w:ves, Instead of beecnming secondary to the vroblem of irregular
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wave motions, now becomes an essential part of it. The simple sea studies
provide the necessarv building blocks from which it is honed the irregular

sea motion can be constructed.

Work to date on this project has been on problems of instrumentation
and background theory, and therefore there are no concrete results to re-
port. However, the indicationc are that the new theory accounts for sea

observations in a qualitative way. Whichever type of motion is considered --

for example, rolling or pitching -- the ship seems to select the resonant
frequencics frem the broad tand of frequencies present in the seaway amd
to respond most violently to them. This is illustrated in Figure 11, which

is based on two Figures in heference 13. It can be seen that the calculated
response spectvum involves a radical shift of the sea spectrum, with a peak
at the natural pitching frequencv. This is confirmed by sea ooservations
(Reference 19). Insofar as pitching is concerned, normal ship propertions
seem to be such that, at ordinary speeds irn head seas, ships experience
synchronism with the longer wave compcnents, which resulits in erratic but
occasionally violent vitching. At reduced speeds or hove to, conditions

are usuzllv ameiiorated by the fact that synchronism occurs only with the

shcrter waves whiqh produce comparatively small pitching moments.

Conclusions

The above considerations suggest that improvements in the seakeering

qualities of ships may be sought in the following directicns:

(1) radical shifts of natural frequencies of oscillation, in order
to avoid synchronism as much 2s possible, through modifications
to prcportions or weight distribution. In the case of opitching

a:d heaving, shorter periods are distinctly beneficial in this

respect.

(¢; Changes in hull form or the use of auvxiliary devices which will
reduce motions when resonance witn certain wave components is

-

unavoidable.

{3) <Changes i~ -’ “orm or the use cf auxiliary devices which will
improve thé pliase relationship between the waves and the ship

moticns.

———— e
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1t is hoped ihat Lhe work on motions in irregular seas being undertaken
at the 5,7 T. will not onlv clarify Lhe theorv involved but will shed some
light directly on the above possible improvements in the seakeeping qualities

of ships.
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FIGURE 6
TYPICAL FREQUENCY DISTRIBUTION OF POINTS
ON AN OCEAN WAVE RECORD
¥ POINTS OBTAINED FROM ANALYSIS
+
+
:J) _NOCAMAL DITTRIBUTION
z > CURVE
” / \//
T /
x N
D i
g /
v
(o} o
5
Y, x
5 \
U + -+
r4
w Fi
2
o /
. o/
- \
o \\T
‘-._\ +
-
/ \\\_
SCALFE OF DEVIATIONS OF POINTS ON RECORD FROM MEAN
NOTE THIS GRAPYH WAS PREPARED FROM DATA GIVEN IN REF, ]4,
BASED ON 200 POINTS IN A 25 -MIN. RECORU OB TAINED
FROM A PRESSURE-TYPE WAVE RECTRDER.
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FIGURE 7
TYPICAL ENERLY SPECTRYM - SHOWING
APPROXIMATION BY A FINITE SUM OF COMPONENTS
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